Abstract. The L-function and C-function of twisted T -adic exponential sums are defined. The Hodge bound for the T -adic Newton polygon of the C-function is established. As an application, the T -adic Newton polygons of the L-functions of twisted p-power order exponential sums associated to diagonal forms are explicitly given.
Preliminaries
Let F q be the field of characteristic p with q elements, and Z q = W (F q ). Let T and s be two independent variables. In this section we are concerned with the ring Z q ], Q p the algebraic closure of Q p , and Q p the p-adic completion of Q p . Definition 1.1. A (vertical) specialization is a morphism T → t from Z q [[T ] ] into Q p with 0 = |t| p < 1.
We shall prove the vertical specialization theorem.
Theorem 1.2 (Vertical specialization). Let A(s, T ) ∈ 1 + sZ q [[T ]][[s]
] be a T -adic entrie series in s. If 0 = |t| p < 1, then t − adic NP of A(s, t) ≥ T − adic NP of A(s, T ), where NP is the short for Newton polygon. Moreover, the equality holds for one t iff it holds for all t.
By the vertical specialization, the Newton polygon of a T -adic entire series in 1+sZ q [[T ] (1 − αβs).
We have the distribution law (A 1 A 2 ) ⊗ B = (A 1 ⊗ B)(A ⊗ B).
So, equipped with the usual multiplication and the new tensor operation, the set of T -adic entire series in 1 + sZ q [[T ]] [[s] ] becomes a ring. We shall prove that the stable T -adic entire series form a subring. 
Twisted T -adic exponential sums
In this section we introduce L-functions of twisted T -adic exponential sums. The theory of T -adic exponential sums without twists was developed by Liu-Wan [LW] .
Let G m be the multiplicative group, and f (x) = u a u x u a nonconstant regular function on G n m ⊗ F q . Let ω : a →â be the Teichmüller lifting from
is called a twisted T -adic exponential sum. And the function
where
is a T -adic Gauss sum. And the function
is an L-function of T -adic Gauss sums.
We have
That Euler product formula gives
Call it a C-function of twisted T -adic exponential sums. We have
. We shall prove the analytic continuation of C f,χ (s, T ).
The analytic continuation of C f,χ (s, T ) immediately gives the meromorphic continuation of L f,χ (s, T ).
Definition 2.4. The Laurent polynomial f is said to be χ-twisted
is the L-function of twisted algebraic exponential sums S f (ζ p m , χ k ). These sums were studied by Liu [L] , with the m = 1 case studied by Adolphson-Sperber [AS] .
We shall prove the following.
Theorem 2.5 (Newton polygon for stable Laurent polynomials). Suppose that f is χ-twisted stable, and L f,χ (s, ζ p m − 1) (−1) n−1 , m ≥ 1, are polynomials. Let λ 1 , · · · , λ r be the slopes of the q-adic Newton polygon of L f,χ (s, ζ p − 1) (−1) n−1 . the slopes of the q-adic Newton polygon of L f,χ (s, ζ p m − 1) (−1) n−1 are the numbers
where i = 1, · · · , r, and each
The above theorem reduces the determination of the Newton polygon of L f,χ (s, ζ p m − 1) to the m = 1 case, provided that f is χ-twisted stable, and L f,χ (s, ζ p m − 1) (−1) n−1 , m ≥ 1, are polynomials. This is the main reason we introduce twisted T -adic exponential sums.
Let △(f ) ∋ 0 be the convex polytope in R n generated the vectors u for which a u = 0.
Definition 2.6. We call f non-degenerate if △(f ) is of dimension n, and for every closed face σ ∋ 0 of △(f ), the system
The following theorem gives a criterion for f such that
Theorem 2.8 (Stability of ordinary Laurent polynomials). If f is χ-twisted ordinary, then it is χ-twisted stable.
That theorem provides a criterion for a Laurent polynomial to be χ-twisted stable. It serves as the engine of the machine of twisted T -adic exponential sums.
We now recall the notion of χ-twisted ordinary Laurent polynomial. Let △ ∋ 0 be an integral convex polytope in R n , C(△) the cone generated by △, M(△) = C(△) ∩ Z n , and deg △ the degree function on C(△), which is R + linear and takes the value 1 on each face δ ∋ 0. Let d ∈ Z n /(q − 1), and
Definition 2.9. Let b be the least positive integer such that
of △ is the convex function on R + with initial value 0 which is linear between consecutive integers and whose slopes (between consecutive integers) are
To see how the whole machine of twisted T -adic exponential sums works, we establish the stability of diagonal forms.
Theorem 2.11 (Stability of diagonal forms). Let v 1 , · · · , v n be a basis of R n , and f (x) = n j=1 a j x v j with a j = 0, then f is χ-twisted stable for all χ.
Analytic continuation
In this section, we prove the analytic continuation of C f,ψ (s, T, F q ). Define a new variable π by the relation E(π) = 1 + T , where
is the Artin-Hasse exponential series. Thus, π is also a T -adic uniformizer of Q p ((T )). Let △ = △(f ), and D the least common multiple of the denominators of deg(△). Write
and
Note that L d (△) is stable under multiplication by elements of L 0 (△), and
Then the map φ • E f sends L d to B dp −1 .
Proof. Since
we have
The Galois group Gal(Q q /Q p ) is generated by the Frobenius element σ, whose restriction to (q − 1)-th roots of unity is the p-power map. That Galois group can act on L(∆) by fixing π
Proof. We have
, and is zero if and only if u and v are cofacial. We call c(u, v) the cofacial defect of u and v.
Proof. Obvious.
to B dp −a , and
It follows that φ q operates on B d , and is linear over
Moreover, by the last lemma, it is completely continuous in the sense of [?] .
So the trace of φ
The theorem now follows.
Theorem 3.5 (Analytic trace formula).
In particular, C f,χ (s, T, F q ) is T -adic analytic in s.
Proof. This follows from the last theorem and the identity
Hodge bound
In this section, we prove the Hodge bound for the Newton polygon of C f,χ (s, T, F q ). It will play an important role in establishing the stability of ordinary Laurent polynomial.
Let the Galois group Gal(
by fixing s and T .
Lemma 4.1. We have
Proof. Obvious. 
Proof. In fact, we have
The corollary now follows. 
Proof. This follows from the identity Proof
i=0 w∈M dp i−1 (∆)
So, the matrix of
with respect to the basis {ζ
It follows that, the T -adic Newton polygon of det Proof. Obvious.
, then f is said to be χ-twisted ordinary.
Vertical specialization and stability
In this section we prove the vertical specialization theorem, the theorem for the Newton polygon of stable Laurent polynomials, and the stability of ordinary Laurent polynomials.
where NP is the short for Newton polygon. Moreover, the equality holds for one t iff it holds for all t.
Proof. Write
The inequality follows from the fact that
× for every turning point (i, e) of the T -adic Newton polygon of A(s, T ). It follows that the equality holds for one t iff it holds for all t.
Theorem 5.2 (Newton polygon for stable Laurent polynomials). Suppose that f is χ-twisted stable, and L f,χ (s, ζ p m − 1) (−1) n−1 , m ≥ 1, are polynomials. Let λ 1 , · · · , λ r be the slopes of the q-adic Newton polygon of L f,χ (s, ζ p − 1) (−1) n−1 . Then the q-adic orders of the reciprocal roots of L f,χ (s, ζ p m − 1) (−1) n−1 are the numbers
Proof. Apply the relationship between the L-function and the C-function, we see that the q-adic orders of the reciprocal roots of C f,χ (s, ζ p − 1) are the numbers
where i = 1, · · · , r, and each j k = 0, 1, · · · . So the (ζ p − 1)-adic orders of the reciprocal roots of C f,χ (s, ζ p − 1) are the numbers
where i = 1, · · · , r, and each j k = 0, 1, · · · . Apply the χ-twisted stability of f , we see that the (ζ p m − 1)-adic orders of the reciprocal roots of C f,χ (s, ζ p m − 1) are the numbers
where i = 1, · · · , r, and each j k = 0, 1, · · · . So the q-adic orders of the reciprocal roots of C f,χ (s, ζ p m − 1) are the numbers
where i = 1, · · · , r, and each j k = 0, 1, · · · . Apply the relationship between the C-function and the L-function, we see that the q-adic orders of the reciprocal roots of L f,χ (s, ζ p m − 1) are the numbers
where i = 1, · · · , r, and each j k = 0, 1, · · · , p m−1 − 1.
Theorem 5.3 (Specialization of the Hodge bound). If
. Moreover, the equalities hold for one t iff they hold for all t.
Proof. Just combine the Hodge bound for the Newton polygon of C f,χ (s, T ) with the vertical specialization theorem.
Theorem 5.4 (Stability of ordinary Laurent polynomials). If f is χ-twisted ordinary, then it is χ-twisted stable, and χ-twisted T -adic ordinary.
Definition 5.5. Let α 1 , α 2 , · · · be the slopes of the infinite d-twisted Hodge polygon of △. Then
The d-twisted Hodge polygon H △,d of △ is the convex function on [0, n!Vol(△)] with initial value 0 which is linear between consecutive integers and whose slopes (between consecutive integers) are w i , i = 1, · · · , n!Vol(△).
Theorem 5.6 (Newton polygon for ordinary Laurent polynomials). Let m ≥ 1 be an integer, and
Proof. In fact, f is χ-twisted ordinary if and only if
.
Stable T -adic entire series
In this section we prove that the set of stable T -adic entire series in 1
] is closed under multiplication and tensor operation.
is a monic polynomial of degree n with unitary constant term.
Proof. Let A 0 (s) = A(s, T )( mod T ), and α = ord T (A(s, T ) − A 0 (s)). Then
and is generated as Z q [[T ]]-module by 1, s, · · · , s n−1 . In particular.
By induction, we can construct sequences
] s be a Tadically entire power series in s, whose Newton polygon has slopes λ i of horizontal length n i . Then
[s] is polynomial of degree n i with unitary constant term and linear Newton polygon.
Proof. Apply the Weierstrass preparation theorem to construct A i (s) inductively.
Lemma 6.3. Let A(s, T ) and B(s, T ) be T -adically entire power series in
Let {α} be the set of the reciprocal zeros of A(s, T ), and {β} the set of reciprocal zeros of B(s, T ). Let (n, e) be a turning points of the Newton polygon of
1 for some r ∈ R + , and
where n 1 = ord T (α)≤r 1, and n 2 = ord T (β)≤r
1. Note that the T -adic order of C n (T ) is stable under specialization iff both the T -adic orders of A n 1 (T ) and B n 2 (T ) are stable under specialization. The lemma now follows. 
where A m is the leading coefficient of A(s, T ), and B n is the leading coefficient of B(s, T ). Since the T -adic orders of A m (T ) and B n (T ) do not go up under specialization, so does the T -adic order of C mn (T ). The theorem is proved.
Explicit formula for diagonal forms
In this section we apply Wan's method [W] to give explicit formula for the L-function of twisted T -adic exponential sums associated to diagonal form.
Lemma 7.1. Let V ∈ M n (Z) be a matrix whose column vectors v 1 , · · · , v n form a basis of
a j x v j with a j = 0, then
Proof. Apply the identity
we get
So we have
where |u| is number of elements in the orbit u.
Theorem 7.5 (Explicit formula for diagonal forms). Let χ = ω −d , and V ∈ M n (Z) a matrix
where r(u) is the number of elements in the orbit u.
Since u → V u is an isomorphism from {u ∈ (Q/Z) n | V u ≡ 0} to Z n /(Zv 1 + · · · + Zv n ), the product on the right-hand side of the equality in the above theorem is a finite product.
Proof. We have Similarly, we can prove the following.
Theorem 7.6 (Explicit formula for diagonal forms). Let χ = ω −d , and V ∈ M n (Z) a matrix whose column vectors v 1 , · · · , v n form a basis of R n . If f (x) = n j=1 a j x v j with a j = 0, then ω −u j (q r(u) −1) (â j ), T, F q r(u) ).
Stability of diagonal forms
In this section we prove the stability of diagonal forms.
Lemma 8.1 (Hasse-Davenport relation).
L x,χ (s, ζ p , F q ) = 1 + G(ζ p , χ, F q )s.
Proof. This follows from the the following classical formulation:
Definition 8.2. Let q = p a , and d ∈ Z/(q − 1). We define
Theorem 8.3 (Stickelberger theorem for Gauss sums). The polynomial f (x) = x is χ-twisted ordinary for all χ. . By the Hasse-Davenport relation and the classical Stickelberger theorem, the Newton polygon of the L-function L x,χ (s, ζ p − 1) also has only one slope . Therefore the polynomial f (x) = x is χ-twisted ordinary. The above theorem was proved by Blache [B] , and Liu [L] . But the proof here is much simpler.
